Under symmetry breaking, a three-dimensional nodal-line semimetal can turn into a topological insulator or Weyl semimetal, accompanied by the generation of momentum-space Berry curvature. We develop a theory that unifies their circular dichroism and highlights the roles of Berry curvature distribution and light incident direction. Nontrivially, these phases exhibit distinct dichroic optical absorption and radial Hall effects, with characteristic scalings with photon energy and electric field. Our findings offer a new diagnosis tool for examining topological phases of matter.
Under symmetry breaking, a three-dimensional nodal-line semimetal can turn into a topological insulator or Weyl semimetal, accompanied by the generation of momentum-space Berry curvature. We develop a theory that unifies their circular dichroism and highlights the roles of Berry curvature distribution and light incident direction. Nontrivially, these phases exhibit distinct dichroic optical absorption and radial Hall effects, with characteristic scalings with photon energy and electric field. Our findings offer a new diagnosis tool for examining topological phases of matter.
Topological phases of matter have been attracting significant attention in the past decade [1] [2] [3] [4] . A variety of topological insulators (TI) and semimetals have been discovered successively, which often feature protected band crossing points. For instance, TI's possess protected Kramers degeneracies on their surfaces [1] [2] [3] , whereas Dirac and Weyl semimetals have discrete point singularities in their bulk [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Intriguingly, the band-crossing can also form a symmetry-protected 1D loop [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . Upon symmetry breaking, the loop can be reduced to Weyl points or a full gap [19] . Hence such a nodal-line semimetal (NLSM) may be regarded as a parent phase for Weyl semimetals and TI's. Indeed, such transformations have been observed in concrete materials [18] [19] [20] [21] [28] [29] [30] [31] [32] .
Characterizing and distinguishing topological phases have been a critical topic in the field. Currently, most studies of 3D topological materials strongly rely on angleresolved photoemission spectroscopy (ARPES) that images the bulk and surface band structures [33] [34] [35] . However, ARPES results in some materials may not be sufficiently clear to resolve possible avoided band crossings, due to the narrow gaps and complex bands. Magnetotransport could in principle offer useful information [36] [37] [38] [39] [40] [41] [42] [43] , yet its indirect inference is often complicated by alternative mechanisms, charge impurities, conventional bands etc [44, 45] . This is in sharp contrast to the 2D case in which topological materials can enjoy gatetunable doping, ultra-high mobilities, and quantized Hall conductances. Therefore, it is desirable to develop new methods for studying topological phases of 3D matter.
In this Letter, we propose new schemes for probing 3D topological materials via circular dichroism by taking its advantages of unparalleled precision and versatile controllability [46] [47] [48] [49] [50] [51] . We first develop a general theory for optical transitions in 3D materials induced by circularly polarized lights, which manifests Berry curvature effects. Applying the theory to the NLSM, where the curvature vanishes apart from the nodal ring, and to its derived topological phases, where the curvature spreads under symmetry breaking, we reveal their characteristic scalings of optical absorption with photon energy. Moreover, in optoelectronic transport, we discover a novel radial Hall effect: charge carriers pumped by the circularly polarized light undergo an anomalous radial flow with respect to the applied electric field, and the azimuthal dependence leads to measurable Hall voltages at the sample surface. Our results provide a new avenue for diagnosing topological phases of 3D matter.
Model.-The essence of a NLSM can be well captured by a minimal two-band effective model:
where
y , v z is the vertical Fermi velocity, and m ρ is the effective mass in theρ-direction. Evidently, the Fermi ring is determined by k ρ = k 0 in the k z = 0 plane. Here a rotational symmetry around theẑ-axis is assumed since it is not uncommon in crystals, and our results below can be readily generalized to the case without such a symmetry, as commented later. We can derive a linearized effective model around the ring as follows:
where (q ρ , q z ) are the deviation of (k ρ , k z ) from the Fermi ring, and v ρ = k 0 /m ρ is the radial Fermi velocity. The two models (1) and (2) share the same density of states ν( ) = m ρ /(2πv z ), independent of the location of Fermi ring. The linear -dependence of ν( ) and the semimetal nature are reminiscent of graphene. Indeed, the Fermi ring can be viewed as a circle of Dirac points with vanishing couplings along the azimuth. The Fermi ring of a NLSM is often protected in at least three scenarios. (i) In the presence of a chiral (Π = σ x ) symmetry, ΠH 0 Π −1 = −H 0 , a winding number exists for any closed 1D manifold with a full energy gap [3, 52] . As an application, the Berry phase of the loop encircling the Fermi ring quantizes into ±π [16] [17] [18] [19] . Such a protection often weakens in the presence of spinorbit couplings (SOC), which may, though not necessarily, break the Π symmetry. (ii) Intriguingly, the presence of a composite symmetry as the product of spatial inversion (P = σ z ) and time reversal (T = K) symmetries, (PT )H 0 (PT ) −1 = H 0 , can also dictates the ±π quantization of the Berry phase defined in (i) [17] [18] [19] [20] [21] [22] . Note that such a protection only exists in the absence of SOC, as reflected by the fact T 2 = 1. The Fermi ring may enjoy dual protections, (i) and (ii), in some materials
, can also protect the Fermi ring [3, 23] . As σ z = ± becomes good quantum numbers labeling the bands in the k z = 0 and π planes, the Fermi ring can be viewed as a domain wall in momentum space across which a band inversion occurs for a pair of ±-bands. Unlike the former two, this scenario is compatible with the presence of SOC.
For a perfect NLSM, the Berry curvature vanishes, so does the circular dichroism that will be derived in Eq. (5). This universal result follows from several symmetry arguments and is consistent with the above scenarios. In scenario (i), the Π symmetry dictates the conduction-and valence-band Berry curvature to satisfy Ω c (k) = Ω v (k) [52] . Given the fact that the total Berry curvature must vanish,
Hence Ω α (k) = 0 under the composite PT symmetry. In scenario (iii), the above symmetries often emerge at low energy, and similar arguments apply, although not directly imposed by the M z symmetry.
Therefore, the Berry curvature becomes nontrivial only if the symmetry protecting the Fermi ring is broken. In this case, the Fermi ring may become fully gapped or lifted into pairs of Weyl points. Without loss of generality, we consider the following mass term that perturbs the Fermi ring and produces nontrivial curvature
where φ k is the azimuthal orientation of k. Independent of the integer N , H δ breaks the Π symmetry in scenario (i), the PT symmetry in scenario (ii), and the M z symmetry in scenario (iii). For N = 0, the Fermi ring becomes fully gapped; the resulting phase may be a topological insulator if H δ arises from SOC in scenario (i) or (ii), or if the T symmetry is respected in scenario (iii). For N > 0, the Fermi ring lifts into N pairs of Weyl points at the momenta where cos(N φ k ) = 0. Circular dichroism.-For a circularly-polarized light, we derive the following general optical matrix element:
where m e is the electron mass, ± denotes the light helicity,
∂ki∂kj |v , c,v and |c, v are the conduction-and valence-band energies and states, R is the rotation matrix from the light frame to the NLSM frame (k = Rk ), andn is the light propagation direction. In Eq. (4), all quantities are evaluated at the same k, and Tr is the sum over the first two diagonal matrix elements. Evidently, the light helicity is tied with the Berry curvature. This becomes more clearly manifested in the circular polarization:
As we have discussed, the symmetry protecting the NLSM dictates Ω v = 0 and hence η = 0. For the NLSM to exhibit any nontrivial circular dichroism, the symmetry must be broken, which produces the mass term in Eq. (3) and lifts the degeneracy along the Fermi ring. Consider the mass term in Eq. (3) with N = 0. The Fermi ring becomes fully gapped, and the Berry curvature peaks near the original ring in theφ-direction. As η ∝ Ω v ·n in Eq. (5), the dichroism η exhibits anisotropy in the direction of light incidence, which is assumed in the x-z plane [ Fig. 1(a) ]. These two facts lead to that η peaks (vanishes) for the light incidence parallel (normal) to the plane of the original ring and strengthens (weakens) at |φ k | = π/2 (0) along the original ring, as shown in Fig. 1(b) . For the parallel incidence θ = π/2, we find that
which is an odd function of sin φ k . As shown in Fig. 2(a) , this implies that η in the plane of the original ring is odd under the reflection of the x-z incidence plane and vanishes at φ k = 0 and π. η in the z-ρ plane also exhibits an interesting variation along the original ring. Following Eq. (6), for a 2D slice with a fixed φ k , when ζ ≡ |v ρ sin φ k /v z | < 1, η has two peaks at k ρ = k 0 and Fig. 1(c) ]; when ζ > 1 the two peaks are at k z = 0 and Fig. 1(e) ]; when ζ = 1 they merge on the original ring [ Fig. 1(d) ].
The mass term in Eq. (3) with N = 1 gives rise to one pair of Weyl points. Near the two Weyl points Ω v ∝ ±q. In Fig. 2(c) , one observes that η in the plane of the original ring has the same sign at k and −k, a manifestation of the broken T symmetry (if the original ring is around a T -invariant momentum) or similar. In comparison, for the N = 2 mass term [see Fig. 2(e) ], there is no overall dichroic response as the symmetry is preserved. For comparison, we also plot in Fig. 2 
the cases in which the light incident direction is not −x.
The nontrivial k-resolved circular polarization indicates the selectivity of photo-induced excitations near the original ring. Consequently, the optical absorption and anomalous transport will manifest intriguing features that depend on the underlying mass terms in Eq. (3). These can be used to diagnose the phases and symmetries of 3D materials, as we now show.
Optical absorption.-The optical absorption is related to the imaginary part of transverse dielectric function,
. Thus, dielectric functions can be measured in experiment to characterize NLSM's. For a NLSM fully gapped by Eq. (3) with N = 0, we find that Im ε has a simple universal dependence on the light frequency:
where N , independent of ω, is a geometric factor that depends on the band parameters and the light incident direction. This result is valid for frequencies below which the linearized model (2) remains valid. Remarkably, when ∆ ω, Im ε ∼ 1/ω. Physically, this result can be understood by noticing that a NLSM may be regarded as a stack of 2D slices with Dirac points along the ring, and that a 2D Dirac semimetal such as graphene has frequency-independent optical absorbance ∝ ωIm ε [53] , also referred to as 4πRe σ(ω). These features are verified by our numerics in Fig. 3(a) .
For a NLSM partially gapped by Eq. (3) with N = 0, while the high-frequency results should approach the above universal value, the low-frequency optical transitions ∝ ωIm ε near the Weyl points are linear in ω. Moreover, as shown in Fig. 3(b) , for the case with even (odd) pairs of Weyl points, Im ε is independent of (sensitive to) the light helicity. This sharp distinction can be understood in the special case in which the center of original ring is at k 0 = 0 or π; for the case with odd pairs of Weyl points, the T symmetry is broken, and the integrated circular dichroism can survive.
Radial Hall effect.-The inhomogeneous distribution of Berry curvature in a symmetry-breaking NLSM allows selective optical pumping of carriers in momentum space. Such k-selectiveness gives rise to a radial Hall effect. Berry curvature acts like a magnetic field in the k-space and, in an electric field, induces an anomalous transverse velocity for electrons, as reflected in the semiclassical equation of motion [54, 55] :
Thus, the anomalous velocity vanishes for a NLSM and arises in the symmetry-breaking cases. We focus on the N = 0 case, in which at low energy
k . An applied electric field E = Eẑ produces anomalous velocities in the radial direction: v Consider a cylindrical sample of radius R and axisẑ, as sketched in Fig. 4 . The charge density accumulation due to the anomalous velocities should exhibit a transverse profile near the sample's side surface as follows:
where n(ρ) is the radial distribution, and sin φ reflects the azimuthal anisotropy. To illustrate the factors determing n(ρ), we consider the drift-diffusion model for currents:
Here α = ± = e, h label the electrons and holes, n α are the carrier densities, µ α are the mobilities, and D α are the diffusion constants. Since the carriers are mainly excited in a small region near the original ring, the average anomalous velocities may be written asv
. Near the sample's side surface, the carrier densities must satisfy the continuity equation:
with the boundary condition j α = 0 at ρ = R. Here I is the production rate of carriers due to light pumping, and τ α are the carrier lifetimes taking into accounts recombination, scattering, etc. With the ansatz that D α and τ α are independent of the carrier types, we find the steady state solution of n(ρ) = n e − n h for ρ R:
where d = √ Dτ and a =v av τ ∝ E are length scales characterizing diffusive transport and anomalous transport, respectively. At small E field, i.e., in the diffusive limit, the Hall voltage of optoelectronic transport is small and linear in E. At large E field the anomalous transport dominates, and the signal only depends on Iτ and φ.
Finally, we consider the partially gapped cases. For the mass term with N = 1, the Fermi ring is lifted into two Weyl points along the k x -axis, which is similar to the case for the simplest Weyl semimetal without T symmetry. In this case a Hall current can even be generated without light pumping. Assuming the gap is "inverted" inside the ring, it follows from Eq. (8) that σ yz = k 0 e 2 /πh and σ zx = σ xy = 0 [56] . For N = 2, the Fermi ring is lifted into four Weyl points, which is similar to the case for the simplest Weyl semimetal with T symmetry. A nonzero Hall signal would requires the pumping with a circularlypolarized light. However, due to the gapless feature, the excited carriers would relax more easily, shortening their lifetime. Thus, the Hall signal is expected to be much weaker than the N = 0 case.
Discussions.-We have taken the two-band model (1) for demonstrating the essential ideas. Such a treatment does not apply to the cases with additional band degeneracies, e.g., Dirac semimetals and centrosymmetric TI's. In fact, for any 3D topological material with both timereversal and inversion symmetries or with chiral symmetry, the total valence-band Berry curvature vanishes, as aforementioned. However, if any of these symmetry is broken, or if an extra symmetry offers a conserved spin or pseudospin near the original nodal ring, their models can be reduced into several copies of our model, and our results can be generalized straightforwardly. In our studies, the photon energies are typically smaller than the bandwidth of model (1). This is different with the recent Floquet works [57] [58] [59] that tackle the high-frequency limit and ignore the optical transitions in Eq. (4).
Finally, a few comments are in order. (i) The line nodes have been assumed at Fermi energy in the above analysis. For real materials, there may be energy variation along the nodal lines, which can be modeled by terms like f (k)I 2×2 . Note that our qualitative results should be unaffected, as such terms change neither the inter-band energy difference nor the Berry curvature. (ii) The shape of nodal line may also deviate from a perfect ring. In the extreme case, it can be a straight line across the Brillouin zone [19] . Since our model (2) applies to such a case, the same characteristics follow directly. (iii) There may be multiple rings in the Brillouin zone. Since the essential optical transitions only occur near the original rings, the contribution from each ring can be treated individually as long as the rings are well separated. (iv) Our discussion can be readily extended to elliptically-polarized light, which offers more tunability. This is particularly useful when the unnecessary rotational symmetry in our model (1) 
